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1. Energy derivatives and

physical properties

X. Gonze and Ch. Lee, Phys. Rev. B 55, 10355 (1997)
R. W. Nunes and X. Gonze, Phys. Rev. B 63, 155107 (2001)



Energy functionals:

The energy functional minimized in terms of
the electronic degrees of freedom within ABINIT is

* In zero field:

The Born-Oppenheimer energy :

E,[RI=min (£, R.v,])

with

E, Ry, l=(Tw,]+E w,]+E [, ]+E,[R_v,1)+U[R]

. J

Eel [RK ’w

nk:I



Energy functionals:

* In non-zero field:
The related functional *

F..R.El=min(E,_ R v,1-Q £ Ply,])

wnk

or the electric enthalpy

R 2]=min(E R v 1-Q & -2y ])—%22
K’ v, e+i kT nk 0 nk 871;

F

e+i

*R. W. Nunes and X. Gonze, Phys. Rev. B 63, 155107 (2001)
I. Souza, J. Iniguez and D. Vanderbilt, Phys. Rev. Lett. 89, 117602 (2002)



Energy expansion:

Various physical quantltles are related to successive
derivatives of E_,, or /.. in terms of £ and t =R -R "

Z_ IR 5]=§2‘;.[R0 0]

e+l atgz‘e7+i
+E g, +EE = T

0F

2285 e +EEar ag T &1

af K Ka p

i EEGI’ 817 Fralirp o

a/3 KK

Note : can be generalized to include strains — 7[R, &, 1]



Physical quantities:

7R E1= 7 [RY,0]

-Q Y2 e, -) YE 1,
Q2
_8_;;/3.2“5/3 _EE- Tew €1

af K
1

Interatomic force constants (IFC)
In real space



Physical quantities:

* Atomic forces :

d7 IR ,E
m[RK,g]=— e+/[ K ]
dTKOl
=FK?1"'EZ; B gﬁ_ZECﬁ(K’K')T B
=() K

 Electric displacement field :

4n d.7- [R°,0
D,R..E]=- T 90 Re D)

Q,  de,
1

= 4w (pﬁs +Q_EEZ;:,045 Tm) + 28:/3 .,

=O 0O « K




2. Dynamical matrix and
phonon frequencies

X. Gonze, Phys. Rev. B 55, 10337 (1997)
X. Gonze and Ch. Lee, Phys. Rev. B 55, 10355 (1997)



Equation of motion for the ions

(for £ = 0)

Harmonic enerqy

7. R ,E]=.7 [R?,0]+— EEcabm

aKa bx'p

Equation of motion
(92 a
M —ke - fF2 = Cab (r,x ")
K at2 Ka bKEﬁ

Solution

iq-R? —ia)mqt

e

7 () =1, (ka) e



Dynamical equation

M, 07 1, (2 —2(2c;bo«,K'>e"‘"<R"-Ra>>n,,,,q<r<'/3>

b
Ca (KK)——EC (ic i ") e/ 9(R°-R%)

Mw? n,ka) =Y Clx') n, (')
Ima 70 = 2, N J

qu(Ka)/M D“I (KK WM, Y ma (K F

WY g (L) =E DY (k,5") ¥, (<" B)
K'f
/ l N
Phonon Dynamical Phonon
frequency matrix eigenvector



 Force constant matrix

* Dynamical matrix

* Phonon eigenvector

Notations

* Phonon eigendisplacements —

(with M in emu)

* Phonon frequency

. 0°
Cl (x,k") = Al

% ar,‘j'aarf.ﬁ
D (x,x' ésﬁ(K’K'

K,K')=

” JM M.
Y g (KCL)

with <y‘y> _ 1

Y ma (KC)

Mg (KO) = —




Zone-center phonons (q — 0)
(TOmodes: £=0,LO modes : D =0):
Force :
F = -E Coolc, k)Tl + > Z,
bx'p B
Displacement field

4 . b
D = Q—OEEZKW T oo+
Along q, 2 must be preserved : q,.2,=0

’ EEﬁﬁ 0., G,
| An

2 G ey Gy
a'p’




LO-TO correction at I
EE cap Toop Qe

ECOb(KK)’L’ +E o qﬁ 7T bx' ap

beh E €
G )

- T /COb(K K')+4E;( Mﬁqﬁ) 7 ( )\

S A YT

|

Non-analytical term to be added
to C4(x, k) to compute

the LO-TO splitting
In the limitofg — 0



3. Interatomic force
constants in real space

X. Gonze and Ch. Lee, Phys. Rev. B 55, 10355 (1997)



Interatomic force constants

* If the dynamical matrix was known at any g

C (O I))——(2 )3f C (q) iq Ry, 7
Ko K > Ka.k' e s B
. B 'Q'O n7 \ ,3 q q

 Since the dynamical matrix is only known on a regular
(Ixmxn) grid, we can only approximate IFC in a box of
(Ixmxn) unit cells
1

Crearrp(0.b)= > Cranp(@e R if R, +7,— 7, ebox
' Nq qegrid(/XmXn) ’

=0 lf Rb+ TK_T:<¢bOX



Range of the |IFC

 Are the IFC in real space really short range ?

Cran p0.D)= Ci‘fw 0.b)+CR

o 5 e 5

Short-range chemical forces  For materials with non-vanishing Z*
Long-range Coulomb forces

0,0)

Dominant DD interaction

Zkzl'lga da H
|sotropic: Cranpl0.a)= . (df—} 5‘8) with d=R,+ 7. — T,
' -1 ) )
- .. (DD _ s x [(€ Darpr AuAp iy
Anisotropic: CM,K,B(O,a)— E ZKEM,ZK,,BB,( D3 3 D3 X (dete)

a'p’ :

Model interaction valid at large distances
Estimated in real and reciprocal space from Z* and €.



IFC Iin real space

» Substract the Iong-range DD part in recirpocal space

Cot s D= Crarp(D = Cry (@)

l- Fourier transform the SR part on a finite grid

1 _
SR _ SR -
CKa,K',B(O’b)_N_ 2 CK(Y,K’,B(q)e 4R 1f Rb+7' _T, e box

q qegrid (IXmXn)

=0 if R,+ 7,— 7. ¢ box

* Add back the DD part in real space

v

H0.D)+CR0 -, (0.D)

E“ kKa k'

CKQ’ K’,B(O b) C

K, K

Decomposition provided by anaddb



4. Phonon dispersion
curves

X. Gonze and Ch. Lee, Phys. Rev. B 55, 10355 (1997)



Dynamical matrix at any g

 Start from the IFC in real space

Creancrp(0.D)=Cr  ,(0.0)+CE 5(0.0)

E\\ Ka k'

 Fourier transform back the SR part to g-space
and add back the DD part

g SR Q-
Cranp(q)= > Cnrp(0D)e TR

d; ebox (IXmXn)

+CE“ v g4

» Diagonalize the dynamical matrix at g



Acoustic sum rule

The crystal energy must be invariant under
global translation of the whole crystal (wA¢=0).

This imposes a constraint on the force constant matrix
known as the acoustic sum rule (ASR) :

2 EKQ',K',B((]:O):O or Z CKQ’,K’IB(G’b):O
k' k'b

This relation is slightly broken due to the use of a real
space grid to evaluate the exchange-correlation energy.

-133.13724 ¢ I , , , ,
-133.13725 — a A A

’E\ -133.13726;— °e e e ‘ LDA
< -T2 . . . . . S
T 13313728} E Teter PSP
D -133.13729f» o o s o o
£ 1o ra720] BaTiO;{ Nng48
13313731 f¢ ¥ o L
|

-133.13732E : ! ' ' .
4 05 0 0.5 1 1.5 2
atomic displacement (ao/48)



Acoustic sum rule
« The ASR is restored using :

EI:Z‘?;’B((]:O) = EKQ’,K'B((]:O)_ 5KK'Z EKQ’,K”IB((]:O)

« The same “g=0 correction” used at all g

652‘?,("3((1) — EK(Y,K',B((]) o 5KK' 2” EK(Y,K”,B( q= O)
 This is equivalent to correct the “on-site” IFC in real
space

Chev s(a.a)=— 2 Crumplad)

(k".,b)+#(k.a)



Summary : ABINIT 2" DDB

T, T, E O
T, (Dy' Dy’ Z, g,
T, |Dy Dy Z, &,
Z. Z, & e
o \& & e C
D=Danal+Z§ EO=EOO+Z.ZZ +e€
£ D™  C
C=C+ Z"Z"l emerZ S




4. What can we do with
that ?




Reflectivity
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Infrared and Raman spectra
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BiFeO,; — IR spectra
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BiFeO, — Raman spectra

Raman intensity (arb.units)
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P. Hermet,! M. Goffinet.! J. Kreisel.2 and Ph. Ghosez!
PHYSICAL REVIEW B 75, 220102(R) (2007)
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Frequency [THz]

Gonze, X., J.-C. Charlier, D. C. Allan, and M. P. Teter, 1994,

a-quartz

Phonon dispersion curves
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Phonon wave vector (reduced units)

Phys. Rev. B 50, 13035.

2.1 0.2 03 04

Reduced qm [1,1,1]

0.1 )AZ I'AE 'Q'.‘4
Reduced qin [1,1,0]

n
LU

03 04

Reduced qin[1,1,2]

Borissenko et al., J. Phys. Condens. Matter 25, 102201 (2013)




Full line DFPT without spin-orbit

Frequency (THz)
. ‘ g " W o

Only very old experimental
data available
: 3 ° Yarnell et al, IBM J.Res. Dev. 1964
w'v e Smith, internal report Los Alamos 1967

10-15% change due to
Spin-orbit coupling

Frequency (THz)

Full line DFPT with spin-orbit

w

4
m
O-’—n
=

LE. Diaz-Sanchez, A.H. Romero, X. Gonze, Phys. Rev. B 76, 104302 (2007)



Structural instabilities

w2<0
Stable mode

/
w2<0 / \

Unstable mode ,/ \
/

/
/
/

Structural instability : Negative curvature
®?<0
w Imaginary (unstable mode)



Instability of stishovite under pressure

Phonon softening under pressure

SiO, - stishovite

0 GPa
e - T QE><
> 500 "’:/ “'ﬁ::—'\/t et | § \Blu @
O ) N é’_ - R N 300. ;;
§ 0 /”>* 52 e \\ :
= 73 GPa I . ¥ o B
0 et T
:/ ol \- Prassure
» e e
= —T e : .
‘ zk ! %} Ferroelastic transition from
0 stishovite to rutile-type

/8
F Z R X T M X
\ structure

Ch. Lee and X. Gonze, Phys. Rev. B 56, 7321 (1997)



Ferroelectric instability of BaTiO,

P Pup
.. . 1 [
@ J
Paraelectric 72, Pdown J,
=0 E=+1 , Pdown
.0 g &£
U 900 BaTiO,
1 0 "
600 1" | i (&4
A — -
\/ \/ 5300 25:_,#%
R
0 A/— [




Ferroelectric instability of BaTiO,

800
X-point: (5; 0; 0) s —— R-point: (5; .5; .5)
600w

2 unstable modes No unstable mode

B 4 28. — - o
5 g 20 B = : A
‘?’! N o T o " J =
LT > = Y ' \ &/ 'i S
o p | e A
\Qﬁ'/ -200 X;ﬁ)&% ™ \\lgi',
r % M i R M
[0; -0.117; 0.133; 0.062; 0] \ (EE 1950 ; 0]
M-poirt: (.5; .5; 0) I-point: (0; 0; 0)
1 unst 2 unstable modes
polarized along z-axis 4
= R %!’,f '\ﬁ
\\ "f'/‘ J

[0; -0.131; 0.106; 0 ; 0] [0.002; -0.096; 0.158; 0.071; 0.071]



Ferroelectric instability of BaTiOs

Instability for correlated
displacements only

2-D instabillity in reciprocal space
Chain of correlation in real space

0.2 I 1t 1T °°r 1T 1" 17 17 17 17T 17 1T 1T"1

= [Ti-O] -Ti chain

015 |- = o [Ti-0]  chain
>

° ¢ [O-Ti] -O chain
0.1} . n _

o
0.05 |- . .
u
o

.O
0 B

O.o.o-

Smallest eigenvalue of the
force constant matrix (a.u.)

005 L1 01111
0o 2 4 6 8 10 12 14 16 18

Chain length (atom)

Ph. Ghosez, X. Gonze and J.-P. Michenaud.Ferroelectrics 206, 205-217 (1998).



Ferroelectric instability of BaTiO,

Cochran’s model:
Competetion between SR and LR forces

D)= (nD*n)+ 0 D" n)

2 N
0, )2 2
a)S R a)D b
<0 >>() <<<()
Fi.(TO1) F(TO2) F.(TO3)  Fu
Whp 2625897 7232 130549 109745
| (-745610)  (8615)  -155518)  130736)
Wip 613107 26538 361998  -26951
(732820)  (25155)  (386967)  (-47942)
w2 12790 33770 231449 82794

Ph. Ghosez, X. Gonze and J.-P. Michenaud, Europhys. Lett. 33, 713-718 (1996).



Strain induced ferroelectricity

. . . Ba-Ba distance (Angstrom)
Role of epitaxial strain on Baczoo a7 ss s 30 ass
rocksalt binary oxides ~ 0 g, o
g 100 | 4
:,; 50 }
£ 50}
-100 |

— <= 3 2 4 o0 1 2 3

BaO misfit strain (%)

Sr-Sr distance (Angstrom) Ca-Ca distance (Angstrom) Mg Mg dlstanc %ngstmm)
33 34 35 36 37 38 39 29 3 31 32 33 34 35 36 3.7 31 32
500 T T T T T T 600 600
400 TO. - 500 | IS\E Toz' 500 |
- ELS‘ 5—0) < 400 | TO,y =20 - |
e 300 = 46
G § 300} ] £
= 200} - = 300 |
) g 200 3 200 |
g 1007 S 100 | 5
8 8 S 100}
g 0 g 0 g 1O,y
i -100 i -100 } 1 T 10
; TO -200 1 Ehedl|
200 . ] ] , . i ; L XY -300 L 1 " 1 -200 . . !
8 6 4 2 0 2 4 6 8 10 -10 -5 0 5 10 -10 -5 0 5 10
SrO epitaxial strain (%) CaO epitaxial strain (%) MgO epitaxial strain (%)

E. Bousquet, N. Spaldin and Ph. Ghosez, Phys. Rev. Lett. 104, 037601 (2010)



FE and AFD instabilities of SrTiO,

L ‘ G,AF_[_)O
600.: 1 ‘ ¢ ? ©)é

) Wi '.'-\:
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- Analysis of IFC
055 0,
003 ’O1 .

ol Comparison of the IFC between
i different perovskites
°0,

BaTiO; PbTiO; PbZ:O;
Atom Total DD SR Total DD SR Total DD SR

By-O; () +0.0094 +0.2325 —0.2231 —0.0012 +0.1865 —0.1877 —0.0687 +0.1380 —0.2067
(L) —00211 —0.0430 +0.0218 —0.0178 —0.0417 +0.0239 —0.0100 —0.0358 +0.0258
Bo-By (|) —00672 —0.0368 —0.0304 —0.0615 —0.0285 —0.0330 —0.0499 —0.0211 —-0.0288
(L) +0.0075 +0.0184 —0.0109 +0.0065 +0.0142 —0.0077 +0.0054 +0.0105 —0.0052
By-O;, (|) +0.0156 +0.0086 +0.0070 +0.0135 +0.0069 +0.0066 +0.0106 +0.0051 +0.0055
(L) +0.0009 —0.0016 +0.0007 +0.0015 —0.0015 +0.0006 +0.0012 —0.0013 +0.0002
Bo-Ag () —0.0286 —0.0212 —0.0074 —0.0277 —0.0241 —0.0036 —0.0271 —0.0216 —0.0054
(L) +00134 +0.0106 +0.0028 +0.0157 +0.0121 +0.0036 +0.0145 +0.0108 +0.0037
(xx) —0.0006 +0.0000 —0.0006 +0.0012 +0.0000 +0.0012 +0.0007 +0.0000 +0.0007
Ap-O; (b —00004 +00114 —00118 +0.0108 +0.0162 —0.0054 +0.0139 +0.0169 —0.0030
zz) —0.0108 —0.0154 +0.0045 —0.0110 —0.0181 +0.0071 —0.0103 —0.0163 +0.0060
Ag-A; (b —00112 —0.0052 —0.0060 —0.0108 —0.0086 —0.0022 —0.0094 —0.0093 —0.0001
(L) +0.0038 +0.0025 +0.0012 +0.0054 +0.0043 +0.0011 +0.0056 +0.0047 +0.0009

Ph. Ghosez, E. Cockayne, U.V. Waghmare and K. M. Rabe, Phys. Rev. B 60, 836 (1999)



Analysis of distorted structure

I4/mmm
|
R
% X
+ o + D, & X3 A
P2j/a Fmm2 Abam e e
AE=-105 AE=-114 AE=99 AE= AE-
------- Azlm
. AE=-156
: |
' v
g ! Il ! .
S v no
2 " PT PT A2 Pl
£ AE=-165 AE=-164 AE=-164 AE=-163
veY d.'
1
1
]

L =

T5 ) + X3 (b)
A21ma

AE=-206 v

Hania Djani,"*" Eric Bousquet,”* Abdelhafid Kellou,” and Philippe Ghosez’
PHYSICAL REVIEW B 86, 054107 (2012)



Analysis of distorted structure

rs X5 X b'ey xi rs X3 xf rs
Phase A [198:]  [183:] [135/] [104:] [98:] [29] [80] [107] [137]
Phases arising from single-mode condensation
Fmm?2 361.0 0.84 051 0.11
Amma 395.6 0.79 0.60
Abam 4447 0.99
Bmab 4445 098 0.14
Amaa 384.0 0.99
Experimentally observed phases
B2ch 601.0 0.53 0.79 0.24 0.09
P2ab 582.7 0.52 0.59 0.55 0.04 0.1 0.09
Hypothetical phases
A2\ma 5145 0.58 0.78 0.01 0.11
P2, /a 455.0 0.76 0.62 0.11

AE(Qr:,Qx#,Qxz)

2 -1 2 2
A=Y om, = —2.50Q7. —7.50 x 107' Q3+ — 1.03Q%,
I

+1.36 x 107° Q- 4+ 1.97 x 107°Q%.+
Qi = Aa; = (n;|M|A). : ’

2.65 % 107°°0%, +2.10 x 10°°02%_0?
A= (A;M|A) = Qyr + Or; Q%

—1.79 x 10‘9Q25_Q§.{ +1.79 x 10‘6Q§{3+ Qi.{.




Analysis of distorted structure

P21ab ferroelectric phase of BiaWQOg

Calculated (0 K) Experimental (300 K)

Atoms X/a v/b z/c X/a v/b z/c
Biy -0.0109  0.5102  0.1698 -0.0126  0.5191  0.1726
Bi, -0.0036  0.4872  -0.1698 -0.0113 04839 -0.1722
W 0.0000 -0.0055  0.0000 0.0000  0.0077 -0.0004
0"y 0.1679  0.7039  -0.0108 0.2679  0.7015 -0.0151
07 0.2682  0.1951  0.0109 0.3342  0.2297  0.0159
09 0.4532  0.5363  0.1114 0.5703  0.5603  0.1082
075 -0.0355  0.0491  -0.1108 0.0854  0.0526  -0.1076
0’3 0.2464  0.2519  0.2483 0.27140  0.2403  0.2511
074 0.2541  0.2468  0.7484 0.2728 0.2585  0.7485

Good of bad agreement ?



Analysis of distorted structure

P2iab ferroelectric phase of BigWQg

Experimental Calculated

Modes  frequencies a;  Q; A o a; Qi A
I's i198 em ™1 0.56  -4.28.23 (.52 303.73
X5 135 em™! 0.30  231.48 0.59  344.90
X7 i104 em~! (.59 155.26 0.55  -325.51
I's 29 em ™! 0.35  -266.02 (.04 26.022

More relevant comparison between
relaxed and experimental structure !



5. Thermodynamical
properties

Ch. Lee and X. Gonze, Phys. Rev. B 51, 8610 (1995)
G.-M. Rignanese, J.-P. Michenaud and X. Gonze, Phys. Rev. B 53, 4488 (1996)



Statistical physics :

In the harmonic approximation, the vibrations of the lattice (also
called phonons) can be treated as gas of independent particles.
They obey the Bose-Einstein statistics :

1

o
kpT
e -1

n(w) =

The internal energy of the boson gas can be calculated directly
using the standard formula:

W max 1
U pon = Jo'h/w (n(a))+5) g(a)v\)da)

Energy of the harmonic oscillator Phonon density of states

All vibrational contributions to thermodynamic properties, in the
harmonic approximation, can be calculated in this manner.



Phonon density of states (DOS)

For each frequency channel, o-quartz
one counts the “number” of

phonon modes g WM Jh\
%.01"
@)=t Sow-w,) 2
& norm (@) = n N mzq mg 2 stishovite
()]
.01-M
[T SN SO B B L
500 1000

Frequency



Thermodynamical properties

« Phonon DOS gives access to the vibrational
contribution to various quantities:

WL hw

AF = 3nNkBT/ In {2 sinh }g(w)dw : (1)

| h [“F hw

= ¢ - h dw , 2
AFE .3nN2/(; w cot (szT) g(w)dw (2)

“L ( Rw \° o [ hw

= ; d

Ch ?meB./o (ZkBT) csch 2kBT)g(w) w




SiC)g o-quartz versus stishovite

Quartz Stishovite
o-~quartz si @
o
wn
9
S o1k
2 M )k)\/\ I)J“\
5 A o
= : . =~
@ stishovite S i
m ~
- = 50 ["g-quartz
- i
<))
- g
01 M o
T ] L1 | | ‘O .s,;;y . .
500 1000 @ - £y stishovite
Frequency D g & , |
0 500

Temperature (K)

Ch. Lee and X. Gonze, Phys. Rev. B 51, 8610 (1995)



Thermal expansion

V 1 on(w. )
al) =7 > —Vin—0
3B & ha,, oT
G runeisen C'on_rlr_?)ct_ed by 0.06 bohr i
parameters : — Stetched by 0.06 bol ‘
d(lnw, ;)
KRNI

To be computed from
finite differences

Frequency (cmr™)

From X. Gonze



Thermal expansion

Linear thermal expansion coefficient

of bulk germanium
Te-06 T T | T | T T

6e-06 — o

— Calculated with abinit
o Exp. results

S5e-06
4e-06

¢
£ 3e-06
2e-06

le-06

I ! I ! I !
0 200 400 600 800 1000
Temperature (K)

From X. Gonze





